The output tracking problem is investigated for a nonlinear affine system with multiple modes of continuous control inputs. We convert the family of nonlinear affine systems under consideration into a switched hybrid system by introducing a multiple-valued logic variable. The Fliess functional expansion is adopted to express the input and output relationship of the switched hybrid system. The optimal switching control is determined for a multiple-step output tracking performance index. The proposed approach is applied to a multitarget tracking problem for a flight vehicle aiming for one real target with several decoys flying around it in the terminal guidance course. These decoys appear as apparent targets and have to be distinguished with the approaching of the flight vehicle. The guidance problem of one flight vehicle versus multiple apparent targets should be considered if no large miss distance might be caused due to the limitation of the flight vehicle maneuverability. The target orientation at each time interval is determined. Simulation results show the effectiveness of the proposed method.
Introduction
In the last decade, hybrid systems have been received considerable interests from researchers in control and computer science fields; see [1] [2] [3] [4] [5] [6] [7] . One particular class of hybrid systems, switched systems, has been extensively investigated during the past several years; refer to [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and the references therein. A switched system can be obtained from a hybrid system by ignoring the discrete behavior and constrain all possible switching problems form a certain class. A switched system consists of several subsystems and a switching law specifying the subsystem at each time instant. We call the switching triggered by an external event externally forced switching and the switching triggered by an internal event internally forced switching. In this work, the latter type of switching will be addressed.
For switched systems, the optimal switching control problems have attracted much attention in recent years. [18] provided a brief survey on recent results of switched systems optimal control. The available theoretical results were usually extending the classical maximum principle or the dynamic programming approach. The optimal control of discrete-time switched systems can be modelled as piecewise affine systems by partitioning the state space into polyhedral regions. The optimal control for constrained discrete-time linear hybrid systems was provided based on quadratic or linear performance criteria, and the construction of the state-feedback optimal control law was also treated by combining multiparametric programming and dynamic programming in [19] . A recent result for the optimal control of discrete-time switched linear systems is [20] ; the optimal control input was given in piecewise linear state-feedback form by solving a set of difference Riccati equations and the switching sequence and time were obtained by dynamic programming. For continuous-time switched systems, a two-stage optimization method was proposed and proved when a sequence of active subsystem was prespecified; see [21] [22] [23] . In [24] , a switching system under consideration was embedded into a larger family of systems and the optimization problem was then formulated, and necessary and sufficient conditions for optimality were also provided. In addition, a numerical technique was developed in [25] for solving hybrid optimal control problems proposed in [24] , and the methodology presented can be extended to incorporate hybrid behavior stemming from autonomous (uncontrolled) switches that result in plant equations with piecewise smooth vector fields. The problem of optimal switching for switched linear systems was studied in [26] , where the switching actions were described as multiple control inputs; Pontryagin Maximum Principle was applied for solving the optimal control problem by embedding the switched system in a larger family of systems.
Motivated by the application example that we will treat in this paper, we consider nonlinear affine systems with continuous control inputs. By introducing a multiple-valued logic variable, the systems under consideration can be converted into a switched hybrid system with candidate modes of control inputs. The output tracking problem of such a class of switched hybrid system is investigated by applying the Fliess functional expansion approach. The Fliess functional expansion was studied via numerical methods for nonlinear control system in [27, 28] . In this work, we consider the control modes of inputs are finite and constant in a sampling time duration, and then the output-input relation can be approximately expressed via the Fliess function expansion. The optimal switching control can be obtained via dynamic programming or simple brutal method if the control input modes are not too much. We apply the proposed approach in a multitarget tracking problem, which shows the effectiveness of the proposed approach.
The rest of the paper is organized as follows. Section 2 provides preliminaries of Fliess function expansion of a nonlinear affine system. A nonlinear affine system with multiple modes of continuous control inputs is converted into a switched hybrid system, and then the output tracking problem for such a class of switched hybrid system is formulated. In Section 3, the optimal switching control is obtained for one-step prediction horizon and multiple-step prediction horizon case, respectively. In Section 4, the proposed approach is applied to a multitarget tracking problem for a scenario in which one flight vehicle is aiming for a real target with several decoys flying around it, and simulation experiments are also done to illustrate the effectiveness of the proposed approach. Finally, some concluding remarks and future directions are provided in Section 5.
Before the end of this section, some remarks on notations in guidance control field are given as follows. We denote by the LOS angle between a flight vehicle and a target. is the relative distance. and are the relative velocity along the LOS and normal to the LOS, respectively. and are the acceleration of the flight vehicle along the LOS and normal to the LOS, respectively. pn is the navigation constant.
Preliminaries and Problem Formulation
In this section, we will provide preliminaries of Fliess functional expansion for a nonlinear affine system. We convert a nonlinear affine system with multiple modes of continuous control inputs into a hybrid switched system. Then the output tracking problem of such a class of switched hybrid system is formulated.
Preliminaries.
To begin with, we revisit Fliess function expansion of a nonlinear affine system. Consider a nonlinear affine system described as follows:
where ∈ R is the state vector, ] ∈ R is the control input, ∈ R is the output vector, ( ) and ( ) are smooth vector fields, and
T , ℎ ( ), = 1, . . . , are smooth functions. The relative degree vector for the above nonlinear affine system (1) is defined as follows.
Definition 1. The relative degree vector
where 0 is a neighborhood of 0 .
The Fliess function expansions are an efficient way to express the input-output relation of a nonlinear system [29] . We denote 0 = and 0 = 1 for simplicity. Then we can define the multi-integrals inductively as
The input-output relation of system (1) can be determined by its Fliess functional expansion. Thus, we have the following lemma. The multi-index integrations in (3) are defined recursively, via which we can define the Fliess functional expansion of system (1).
Lemma 2 (see [29] ). The input-output response of system (1) can be expressed as
where = 1, . . . , and ℎ( ) represents the Lie derivative of function ℎ( ) about the vector field .
From Lemma 2 we can see; (4) is an infinite series functional expansion on the control inputs, where the control inputs enter the system via multi-index integrations.
Problem Formulation.
Next, we will first convert an affine nonlinear system with candidate control modes of continuous inputs into a switched hybrid system and then give the formulation of the output tracking control problem for such a class of switched hybrid system. An affine nonlinear system with candidate modes of control inputs can be described bẏ
where ∈ R is the state vector, ( ) is smooth vector field, ( ) are smooth functions, and, ( ) ∈ R , = 1, 2, . . . , is the continuous control input vector. Here, we assume that ( ) is known or has already been well designed for details refer to [21] [22] [23] .
To convert the family of continues nonlinear affine systems into a switched hybrid system, we introduce a multiplevalued logic variable
where ( ) ∈ {0, 1}, = 1, 2, . . . , , ∑ =1 ( ) = 1, and ( ) = 1 implies that the th continuous control input ( ) is activated.
To be more clear, we define a finite set Δ , ( ) ∈ Δ :
where = Col ( ), represents an × identity matrix, and is the th column of identity matrix . The switching from to implies that the control mode switches from to , and correspondingly the piecewise continuous control input switches from ( ) to ( ).
Then we can rewrite the above system (5) as followṡ
where
Choose the output of system (8) as
Then the output tracking problem under consideration can be defined as follows.
Definition 3.
Consider system equations (8) and output equation (9) , and let the reference output trajectory be
The output tracking problem in infinite horizon is to find an admissible switching control ( ) ∈ Δ such that
where ( ) is defined in (10).
Next, we formulate the output tracking problem in a discrete-time form. Choose a time interval > 0 as the sampling time; assume within the sampling time the multiplevalued logic variable ( ) is constant and the possible switching instants are at
Then
where ( ) ∈ Δ .
In the sequel, we simply denote
In (11), the cost function is defined in infinite time horizon. In this work, we concern the output tracking problem in a finite time horizon; in this case the cost function (11) becomes
where < ∞ is a proper time horizon. Then purpose of the tracking problem is to find a sequence of ( ), ( + 1), . . . , ( + − 1) ∈ Δ , such that the cost function (15) is minimized.
In the cost function (11) or (15), only the tracking performance is considered. Actually, for application, the energy cost of the control inputs should be taken into account. Besides, the switching numbers also need to be restricted as well. A higher switching frequency will cause unstable operations or other problems. Thus, we will define two more comprehensive cost functions which incorporate these constraints.
Denote a column vector 
where represents the dimension of continuous control ( ( )).
Denote a control input vector
where ( ( )) ∈ R ∑ =1 . Considering the control input energy constraints, we have the following cost function:
where 1 > 0 and 2 > 0 are symmetric positive-definite weighting matrices.
Remark 4.
In order to guarantee the tracking performance, 2 should be chosen related to 1 . If it is too large with respect to 1 , the tracking efficiency might be hurt.
When we concern about the switching frequency, a punishment term can be added in (19) , and then the cost function with the penalty of the switching numbers is described as follows:
where (−1) = (0), 1 > 0, 2 > 0, and 3 > 0 are symmetric positive-definite weighting matrices.
Remark 5.
Similarly like the choice of the weighting matrices in (19) , the choice of 1 affects the output tracking performance; 2 and 3 should be chosen related to 1 . Generally, we choose 2 and 3 to be about 10 − while choosing 1 to be 1, ≥ 7 because the tracking performance is the most concerned.
Fliess functional expansion combined with multiple-step prediction will enhance the convergence speed. Next, we will formulate the output tracking problem for a switched hybrid system within prediction horizon.
Consider a nonlinear affine system with candidate modes of piecewise continuous control input, described as follows:̇=
The output tracking problem formulated within a receding horizon control problem is as follows.
Definition 6. The output tracking problem within prediction horizon is, for the switched hybrid system (21) and the current state ( ), to find a switching control sequence * ( ) , * ( + 1) , . . . ,
such that the cost function (19) or (20) is minimized over the prediction horizon , where 1 > 0, 2 > 0, and 3 > 0 are symmetric positive-definite weighting matrices.
As a special case, we give the output tracking problem of switched hybrid system (21) within one-step prediction horizon as follows.
Definition 7.
The output tracking problem of switched hybrid system (21) within one-step prediction horizon is to find an admissible switching control * ( )
such that the cost function
is minimized, where 1 > 0, 2 > 0 and 3 > 0 are symmetric positive-definite weighting matrices.
Optimal Switching Control Design
In this section, we will give the design of the optimal switching control law via which the output tracking can be achieved.
The main idea here is to express the output by using Fliess function expansion with admissible switching control. Then the cost function can be described by linear function of switching control inputs.
Optimal Switching Control in -Step Output Prediction.
We consider the output tracking problem within predictive steps. Consider system (1), and assume that the continuous control inputs are constant within the sampling duration , that is,
Consider system (1) Lemma 8 (see [30] ). Consider the nonlinear affine system (1), and assume the controls are constant at time interval ( , ( + 1) ), = 0, 1, . . .. Then at = , corresponding to the coefficient
the integral in (4) is
Using Lemma 8, consider the nonlinear affine system (21), and assume that is the relative degree related to the th output. Then, we have the th order approximation of Fliess functional expansion being [31] 
where 1 ( ) is a linear function on , 1 ( , ) = (| | +1 ).
Remark 9. Since ( ) ∈ Δ has finite choices, and 1 ( ) is a linear function on , we can substitute (29) into (19) or (20) . The performance index becomes a linear function of . Then the optimal switching control sequence * ( ), * ( + 1), . . ., * ( + − 1) can be obtained via dynamic programming.
Due to the problem of computation amount, the -step predictive output is actually not useful in application if both and are large. Next, we will discuss the optimal switching control design problem in one-step predictive case in detail.
Optimal Switching Control in One-
Step Output Prediction. 
Then the output of system (1) can be given by the following lemma.
Lemma 10 (see [30] ). The output ( ) of system (1) can be expressed via Fliess functional expansion as follows:
where is the relative degree related to the th output, = 1, . . . , , and 0 = 1.
From (31) we can see that ( ) is an infinite sequence about ] , = 1, 2, . . . , . For convenience, we give the order approximation of the Fliess functional expansion (31) as follows [30] :
where 1 ( , ) = (| | +1 ).
Mathematical Problems in Engineering
The detailed expression of the + 1 and + 2 order approximation of the Fliess functional expansion (31) can be found in [30, 32] .
Consider cost function (20)
Recall the switched hybrid system (21), in which ( ) ∈ Δ . Thus, in terms of Lemma 10, using (32) to each , = 1, . . . , , we have
Denote the optimal control by * ( ), recall the cost function (33) , and substitute (36), (37), and (38) into (33) and then we have
Remark 11. Since ( ) = [ 1 ( ), . . . , ( )] T ∈ Δ , and ( ) has only finite choices at each moment, say choices, hence, the above problem (39) can be solved via dynamic programming. Considering generally is not too large, we can also use a simple brutal method to calculate the optimal control * ( ), which will not need a lot of computation amount.
Application in Multitarget Tracking Problem
In this section, we consider a multitarget tracking problem for a flight vehicle in the terminal guidance course. The proposed design approach is adopted.
Multitarget Tracking Problem Formulation.
We consider a scenario in which one flight vehicle intercepts one real target with several decoys flying around it. These decoys appear as apparent targets before they are distinguished via the detective system. In this case, we have to consider the guidance problem of one flight vehicle versus multiple targets, otherwise a large miss distance between the flight vehicle and the real target might be caused due to the maneuverability limitation of the flight vehicle. Generally speaking, these decoys can be identified with the approaching of the flight vehicle and these targets. Such a problem is also a subproblem of multiple flight vehicles intercepting multiple targets. First, we gave the dynamics of an engagement geometry between one flight vehicle and one target in a two-dimensional plane, shown in Figure 1 . Let represent the flight vehicle and represent the target. LOS represents the line of sight. Variables associated with the flight vehicle or the target are denoted by an additional subscript or . The velocity, normal acceleration, and flight path angle are denoted by , , and , respectively. The purpose of guidance is to stabilize the rotation of the LOS during the approaching between the flight vehicle and its target. When the approaching velocity is less than zero, the flight vehicle can intercept the target successfully once the velocity normal to the LOS converges to zero. Therefore, for a one-to-one guidance case, the guidance control for the flight vehicle is aiming to eliminate the relative velocity normal to the LOS. While considering the guidance problem of a one flight vehicle versus multiple targets, it is required to take into account each LOS rotation between the flight vehicle and each of the multiple targets in order to track multiple targets. The purpose of guidance in this case is to guarantee the relative velocity normal to the LOS between the flight vehicle and each of the multiple targets as small as possible until the real target is determined, which poses a challenging problem for the researchers in the guidance and control field. For most existing guidance laws, the relative motion equations are usually described in the LOS coordinates. However, for the guidance problem of one flight vehicle versus multiple targets, we need to deal with the coupling relations between different LOS coordinates. Thus, it is convenient to describe these relative motion equations in a uniform framework, that is, the inertial coordinates, the detailed definition of the LOS coordinate and the inertial coordinate please refer to [33] . Label the targets through 1 to . The engagement geometry between the flight vehicle and targets in a two-dimensional inertial coordinates is shown in Figure 2 .
Next, we will first give the relative motion equation between the flight vehicle and the th target, 1 ≤ ≤ . Let ( ) ∈ R 2 and V ( ) ∈ R 2 be the relative position between the flight and the th target and their the relative velocity, respectively. Then, the transformation of the variables can be described as follows:
where and represent the LOS angle between the flight vehicle and target and their relative distance, respectively, , and , represent the relative velocity along the LOS associated with the flight vehicle and target and their relative velocity normal to the LOS.
Choose the relative position ( ) and the relative velocity V ( ) as the state variable
and choose the relative velocity normal to the LOS as the output of interest
Then, the relative motion equation and the output equation of the a flight vehicle and target can be described in a canonical form as follows:̇(
(44)
T as the state variable and
T as the output of interest; then we can obtain the relative motion equations and output equation of the one flight vehicle versus targets probleṁ
where 
. . .
For a conventional guidance law, the orientation of the flight vehicle is fixed, that is, towards its aiming target. However, when we consider the guidance law design for one flight vehicle aiming for , > 1 targets, there are multiple relative motion information required to be dealt with. Suppose that the overload command at each time instant is a function of the relative information between the flight vehicle and some certain target; then different orientations of the flight vehicle lead to different targets indexes which will cause different overload commands and directions. Thus, in a one flight vehicle versus targets guidance problem, we need to design the functions between the overload command and the relative information associated with the flight vehicle and multiple targets, and the orientation of the flight vehicle as well. Adopting the approach proposed in the above section, we track multiple targets by switching the orientation among these targets so that these targets can be intercepted once it is determined to be the real aiming one. The switching guidance control scheme is shown in Figure 3 .
Let ( ) = [ 1 ( ), . . . , ( )] T , ( ) ∈ Δ , be the orientation of the flight vehicle at time . If the flight vehicle chooses the target as its orientation at time , then ( ) = . At each time instant, the overload command is the function of relative information between the flight vehicle and one individual target; thus the overload command can be written as
where (⋅) represents the guidance law related to the relative motion information between the flight vehicle and the target whose index is chosen by the switching law. The aim of guidance command (⋅) is to decrease the relative velocity normal to the LOS between the flight vehicle and chosen target. In this work, we adopt a commonly used guidance law, that is, the Proportional Navigation (PN) guidance law [33] , to design (⋅). In the LOS coordinates, the Proportional Navigation guidance law for the flight vehicle intercepting target is
where pn is called navigation constant and in practice always Mathematical Problems in Engineering 9 chosen as a value between 3 to 5 to guarantee a good dynamic performance. In inertial coordinates, we have
Substituting (47) into (45) yieldṡ
The purpose of guidance problem for one flight vehicle versus multiple targets is to guarantee the relative velocities normal to the LOS between the flight vehicle and multiple targets are as small as possible. Meanwhile, we need to concern those targets which have higher probabilities of being real targets. Thus, we denote by , = 1, . . . , , the level of interest (LoI). The higher level of interest implies higher priority of the target or higher probability of the target being real target. Generally, the LoI can be provided by the detective system installed on the flight vehicle or can be obtained via some filter approaches; for more discussion on the LoI, please refer to [34, 35] . Thus, considering the system (50), we have the following cost function:
where is the LoI of target , is the relative velocity normal to the LOS between the flight vehicle and target , 1 > 0 and 2 > 0 are weighting coefficients, and . . .
Calculate the relative degree of system (50) and we get = 1, = 1, . . . , . In terms of (34), we have
where and are defined in (49), . . .
Denote the optimal control by * ( ), and substitute (56), (57), and (58) into (51); then we have
where is the matrix of the level of interest, described as follows:
Then * ( ) can be obtained via dynamic programming. When is not too much large, we also can use brutal algorithm to obtain * ( ).
Simulation Results.
Next, we will take a two-target tracking case as an example to show the effectiveness of the proposed approach, say = 2. The setup of initial conditions is shown in Table 1 . First, we consider the situation that the levels of interest of all the targets are the same, choose 1 = 2 = 0.5. The simulation time period is 10 seconds. The orientation of the flight vehicle is shown in Figure 4 and the relative velocity normal to the LOS of the flight vehicle is shown in Figure 5 . From Figures 4 and 5 we can know that the flight vehicle keeps changing its target orientation to guarantee that the relative velocity normal to the corresponding LOS will not increase continuously.
The flight trajectories that the flight vehicle aims to target 1 and target 2 individually respectively, and the flight trajectory that the flight vehicle switches its target orientation between target 1 and target 2 are shown in Figure 6 .
It is shown in Figure 6 that the trajectory that the flight vehicle takes into account, both of the targets, lies in the trajectories that the flight vehicle, respectively, aims for, target 1 and target 2, which implies that the flight vehicle can keep tracking both of the targets during the terminal guidance course. Next, we consider the situation where the targets associated with different levels of interest. Suppose that target 2 has a higher priority, and choose 1 = 0.3, 2 = 0.7. The orientation of the flight vehicle is shown in Figure 7 , and the relative velocity normal to the LOS is shown in Figure 8 .
From Figure 7 we can see, during the simulation period which is totally 10 seconds, there are about 3 seconds when the flight vehicles aim for target 1 and about 7 seconds when the flight vehicles aim for target 2. Correspondingly, the relation velocity normal to the LOS between the flight vehicle and the target 2 is smaller. The trajectory of the flight vehicle is shown in Figure 9 . It can be seen from Figure 9 that when we consider the different priorities of the targets, the trajectory of the flight vehicle will be closer to the target with a higher level of interest, which implies that the flight vehicle can take into account both targets via the proposed method. Furthermore, the relative velocity normal to the LOS between the flight vehicle and the target with a higher level of interest has a faster convergence speed. 
Concluding Remarks and Future Work
In this paper, the output tracking problem of a class of switched hybrid system is considered. By introducing a multiple-valued logic signal, a nonlinear affine system with multiple modes of candidate control inputs is converted into a switched hybrid system. The output tracking problem of such a class of switched hybrid system is formulated into a discrete-time form. Under the assumption that the possible switching only occurs at sampling time instant, the output of the switched hybrid system can be expressed via Fliess functional expansion. The optimal switching control can be determined for a multiple-step output tracking performance index by dynamic programming. Then we consider the guidance problem of a flight vehicle aiming to a real target with several decoys; the proposed approach is applied to a multitarget tracking problem. Simulation results show the effectiveness.
In the current work, we use an approximation of Fliess expansion for the output of the switched hybrid system. The truncated errors remain small if the time interval is chosen small enough. Actually, Fliess expansion can be finite terms for an input-output decoupled nonlinear affine system which requires in advance designing a decoupled feedback control. Future work will focus on these issues.
